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ISOGENOUS DECOMPOSITION OF THE JACOBIAN OF GENERALIZED FERMAT 

CURVES 

MARIELA CARVACHO, RUBEN A. HIDALGO AND SAUL QUISPE 


Abstract. A closed Riemann surface S is called a generalized Eermat curve of type (p, n), where p,n>2 are 
integers, if it admits a group H = Z'^ of conformal automorphisms so that S jH is an orbifold of genus zero 
with exactly n + i cone points, each one of order p. It is known that S is a fiber product of (n — I) classical 
Eermat curves of degree p and, for (p - l)(n - 1) > 2, that it is a non-hyperelliptic Riemann surface. In this 
paper, assuming p to be a prime integer, we provide a decomposition, up to isogeny, of the Jacobian variety JS 
as a product of Jacobian varieties of certain cyclic p-gonal curves. Explicit equations for these p-gonal curves 
are provided in terms of the equations for S. As a consequence of this decomposition, we are able to provide 
explicit positive-dimensional families of closed Riemann surfaces whose Jacobian variety is isogenous to the 
product of elliptic curves. 


1. Introduction 

A principally polarized abelian variety A is simple if there are no lower dimensional principally polarized 
abelian varieties B and C so that A is isogenous to the product B x C. In the case that A is non-simple, 
Poincare’s complete reducibility theorem [12] asserts the existence of simple principally polarized abelian 
varieties A\,... ,As and positive integers ni,.. .,ns such that A is isogenous to the product A"* x • • • A”L 
Moreover, the Aj and nj are unique (up to isogeny) and permutation of the factors (see Section 2.2). 

A very interesting class of principally polarized abelian varieties are the Jacobian variety JS of a closed 
Riemann surface S of genus g > 1 (see Section 2.3). We say that JS is Jacobian-simple if it is non-isogenous 
to a non-trivial product of Jacobian varieties of of lower genera surfaces; otherwise we say that it is Jacobian- 
non-simple. It may be that JS is Jacobian-simple but non-simple as a polarized abelian variety; of course, 
if it is simple then it is also Jacobian-simple. Given S, one would like to know if it is Jacobian-simple or 
not. It is clear that JS is Jacobian-simple for g = 1. If g = 2, then JS is simple if and only if it is Jacobian- 
simple. As every principally polarized abelian variety of dimension two is either a Jacobian or isogenous to 
the product of two elliptics, then for g = 3 again JS is simple if and only if it is Jacobian-simple. The two 
properties may differ for g > 4. 

In this paper we are interested in decomposing, up to isogeny, the Jacobian variety of a closed Riemann 
surface as product of Jacobian varieties of lower genera Riemann surfaces (this is a first approach to finding 
a Jacobian decomposition of a Jacobian variety). 

With respect to the above, Ekedahl and Serre [4] constructed examples of closed Riemann surfaces S for 
which JS is isogenous to the product of elliptic curves. These examples are for genus g < 1297 with some 
gaps. More examples of Riemann surfaces S for which JS is isogenous to the product of elliptic curves 
have been produced by many authors, see for instance [2, 8, 16, 17, 18]. Two fundamental question, stated 
by Ekedahl and Serre in [4] are the following. Q1 Is there a Riemann surface S in every genus g > 2 such 
that JS is isogenous to the product of elliptic curves? Q2 Is there a bound on the genus g with the above 
decomposition property?. To the actual acknowledgment of the authors, both of these questions are still 
open. 
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In the case of hyperelliptic Riemann surfaces with a conformal automorphism of order two, different from 
the hyperelliptic involution, it is known that the Jacobian variety decomposes, up to isogeny, as the product 
of two Jacobian varieties. We recall this situation in Section 3 and we provide a two-dimensional family 
of genus four hyperelliptic Riemann surfaces whose Jacobian variety is isogenous to the product of four 
elliptic curves (explicit equations are provided). 

Next, we restrict to a certain interesting families of Riemann surfaces called generalized Fermat curves 
of type (p,n), where p,n > 2 aie integers (see Section 2.1 for details). These surfaces S can be described 
as a suitable fiber product of {n - 1) classical Fermat curves of degree p and, for {n - l)(p - 1) > 2, they 
are non-hyperelliptic and they admit a unique group of automorphisms H = Zp with S / of genus zero and 
exactly {n+ \) cone points; each one of order p. 

Our main result is Theorem 4.4 which, in the case that p is a prime integer, provides an isogenous 
decomposition of the Jacobian variety of generalized Fermat curves of type (p, n) as a product of Jacobians 
of certain cyclic p-gonal curves. The equations of these p-gonal curves are given explicitly in terms of the 
equations of the corresponding generalized Fermat curve. Some consequences of the isogenous Jacobian 
decomposition are the following. 

(1) The Jacobian variety of any closed Riemann surface of genus 5 admitting as a group of conformal 
automorphisms (a two-dimensional family) is isogenous to the product of elliptic curves. 

(2) We obtain a one-dimensional family of closed Riemann surfaces of genus 17 whose Jacobian vari¬ 
eties are isogenous to the product of elliptic curves. 

(3) We provide an example of a closed Riemann surface of genus 49 whose Jacobian variety is isogenous 
to the product of elliptic curves. 

(4) The Jacobian variety of every closed Riemann surface of genus 10 admitting a group as a 

group of conformal automorphisms whose quotient orbifold S jH is the Riemann sphere with exactly 
three cone points, each one of order three, (a one-dimensional family) is isogenous to the product of 
elliptic curves. 

(5) The Jacobian variety of every closed Riemann surface of genus 65 admitting a group H = as 
a group of conformal automorphisms with SIH being of genus zero and having exactly five cone 
points, each one of order five, (a two-dimensional family) is isogenous to the product of 40 elliptic 
curves and five 5-dimensional Jacobians. 

The facts (1) and (2), for the particular case that p - 2 and the curves are defined over Q, were obtained 
by Yamauchi in [17] (in our result we have not such an arithmetical restriction). Our results are also related 
to those obtained by Shaska in [2]. 

Finally, we should mention the survey article by Rodriguez [14] in which the author review part of the 
theory of abelian varieties with group actions and the decomposition of them up to isogeny. Somewhere else 
we will try to describe our decomposition results for generalized Fermat curves in their language. 

2. Preliminaries 

In this section we recall some definitions and previous results we will need in the rest of the paper. 

If S denotes a closed Riemann surface, then Aut(5') will denote its full group of conformal automor¬ 
phisms. \f H < Aut(5'), then we denote by Aut//(5') the normalizer of H inside Aut(5'), that is, the biggest 
subgroup of Aut(5') containing H as normal subgroup. 


2.1. Generalized Fermat curves. Let 5 be a generalized Fermat curve of type {p,n). A group H < Aut(5'), 
H = Zp, so that the quotient orbifold S IH has genus zero and exactly n + \ cone points of order p, is called 
a generalized Fermat group of type {p,n) for S ; the pair {S,H) is called a generalized Fermat pair of type 
(p, n). As a consequence of the Riemnn-Hurwitz formula, a generalized Fermat curve of type (p, n) has 


genus 


S — Sp,n 


= 1 -F 


(pip, n) 


where ^{p,n) - p” ^{{n - l)p - n - 1), 
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We say that two generalized Fermat pairs and {S 2 ,H 2 ) are topologically (holomorphically) 

equivalent if there is some orientation-preserving homeomorphism (holomorphic homeomorphism) f : 
Si ^ 52 so that///i/-I =H 2 . 


Theorem 2.1 ([5]). Any two generalized Fermat pairs of type {p, n) are topologically equivalent. 


Theorem 2.2 ([5]). If p is a prime integer, then a generalized Fermat curve of type {p,n) has a unique, up 
to conjugation, generalized Fermat group of the same type {p,n). 


Theorem 2.3 ([5]). Let {S,H) be a generalized Fermat pair of type {p,n) and let P : S —> S/H be a 
branched regular covering with H as group of cover transformations. 

1. - If A\Ah{S) denotes the normalizer of H inside Aut(S), then each orbifold automorphism of S jH 

lifts to an automorphism in Aut//(S); that is, for each orbifold automorphism t : S/H ^ S jH there 
is a conformal automorphisnif : S S so that Pf = tP. 

2. - There exist elements of order p in H, say ai,.. .,a„, so that the following hold. 

(i) H = (ai,...,a„>. 

(ii) Each a\,.. .,a„ and a„+i = a\a 2 - ■ - an has exactly p”~^ fixed points. 

(iii) Ifh e H has fixed points, then h € (ai) U • • • (n„) U {a„+i). 

(iv) If h e H is an element of order p with fixed points and x, y are any two of these fixed points, 
then there is some h* e H so that h*{x) - y. 

(v) If p is a prime integer and h e H - {1} has no fixed points, then no non-trivial power ofh has 
fixed points. 

Such a set of generators ai,..., an shall be called a standard set of generators for the generalized 
Fermat group H. 


Remark 2.4. In [6] it has been proved that every generalized Fermat curve S of type {p, n), where {n - 
l){p - 1) > 2, has a unique generalized Fermat group H of that type. In particular, Aut//(5) = Aut(S). 


2.1.1. Non-hyperbolic generalized Fermat curves. The generalized Fermat curves of genus g < 2 are the 
following ones. 

(i) {p, n) = (2,2): S - C and H - {A{z) = -z, B{z) - l/z>. 

(ii) (p, n) = (3,2): S = C/Ag2;r//3, where - {A{z) = z+l, B{z) = z + and H is generated by 

the induced transformations of R{z) = e'^^’^^z and T{z) - z + {2 -v In this case, the 3 cyclic 

groups (R), (TR) and (T^R) project to the only 3 cyclic subgroups in H with fixed points; 3 fixed 
points each one. This is provided by the degree 3 Fermat curve x^ +y^ + z? - 0. 

(iii) ip,n) = (2,3): S = C/A^, where t € = {z e C : Im(T) > 0), A^ = (A(z) = z + l,fi(z) - 

z -F r), and H is generated by the induced transformations from ri(z) = -z, T 2 (z) - -z + 1/2 and 
T 3 {z) = -z + t/2. In this case, the conformal involutions induced on the torus by Ti, T 2 , T 3 and 
their product are the only ones acting with fixed poinfs; 4 fixed poinfs each. This is also described 
by fhe algebraic curve - 1 - - 1 - z^ = 0, Ax^ -F -F = 0), where T € C - {0,1). 
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2.1.2. Hyperbolic generalized Fennat curves. A generalized Fermat curve of type {p,n) has genus bigger 
than one if and only if (n - l)(p - 1) > 2; we say that the generalized Fermat pair (curve) is hyperbolic. 

Next result asserts that hyperbolic generalized Fermat curves are non-hyperelliptic (but Remark 2.4 as¬ 
serts that they behave somehow as if they were hyperelliptic ones). 


Theorem 2.5 ([5]). A hyperbolic generalized Fermat curve is non-hyperelliptic. 


2.1.3. Algebraic description. Let iS,H) be a generalized Fermat pair of type {p,n) and, up to a Mdbius 
transformation, let {oo, 0,1, /li,/l 2 ,..., An- 2 } be the conical points of S/H. 

Let us consider the following fiber product of (n - 1) classical Fermat curves 

= 0 
= 0 
= 0 


CP{Au...,An-2) : 


Xj -I- -I- X3 

dixf -I- Xj + 
/I2XJ -I- X2 + Xj 


, /l„-2x[ + ^2 + ^n+1 = ^ 


C 


The conditions on the parameters Aj ensure that CP(Ai, ..., A„- 2 ) is a non-singular projective algebraic 
curve, that is, a closed Riemann surface. On CP(Ai, ..., An- 2 ) we have the Abelian group Hq = of 
conformal automorphisms generated by the transformations 


a/[xi : • • • : x„+i]) ^ [xi : • • • : x^-i : ajpXj : x^+i : • • • : Xn+i\, j = L 
where cOp = e^^'^P. 

If we consider the degree p” holomorphic map 

n-.CP{Au...,An-2)^C 


given by 

( X2 

— 

Xi 

then K o aj = n, for every aj, j = 1, ■ ■ ■, n. It follows that CP{Ai, ..., An- 2 ) is a generalized Fermat curve 
with generalized Fermat group Hq-, whose standard generators are ai,..., a„ and a„+i - aia 2 - ■■ an. 

The fixed poinfs of ay on CP{A\, ..., An- 2 ) are given by fhe intersecfion 

Fixiaj) = [xj = 0} n CP{Ai,.. .,A„- 2 ). 

In this way, the branch values of n are given by the points 

n{Fix{ai)) = 00 , n{Fix(a 2 )) = 0, 7T{Fix{a^)) = 1, 



n{Fix{a4)) = Ti,..., 7 r(f/x(a„+i)) ^ T„_2. 


Theorem 2.6 ([5]). Within the above notations the following hold. 

(1) The generalized Fermat pairs (S, H) and {CP{A\, ..., /1„_2), Hq) are holomorphically equivalent. 

(2) Aut//g(Ct’(/li,..., An- 2 ))IHQ is isomorphic to the subgroup of Mdbius transformations that preserves 
the finite set 

{ 00 , 0 , 1,Ai,A 2, ■ ■ ■ ,An-2}- 

(3) Aut//„(CtXTi,..., An- 2 )) < PGL{n + 1, C). 
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Remark 2.7, Recall from Remark 2.4 that Aut//Q(C^(/li,..., A„_ 2 )) = Aut(C^(/li,..., An- 2 ))- 


2.2. Principally polarized abelian varieties. A principally polarized abelian variety of dimension g > 1 is 
a pair A = (T, Q), where T = C^/L is a complex torus of dimension g and Q (called a principal polarization 
of A) is a positive-definite Hermitian product in whose imaginary part \m{Q) has integral values over 
elements of the lattice L and such that there is basis of L for which \m{Q) can be represented by the matrix 

4 
“4 

Two principally polarized abelian varieties A\ and A 2 are called isogenous if there is a non-constant 
surjective morphism h : A\ A 2 (between the corresponding tori) with finite kernel; in this case h is called 
an isogeny (an isomorphism if the kernel is trivial) 

A principally polarized abelian variety A is called decomposable if it is isogenous to the product of abelian 
varieties of smaller dimensions (otherwise, it is said to be simple). It is called completely decompossable if 
it is the product of elliptic curves (varieties of dimension 1). 


Theorem 2.8 (Poincare’s complete reducibility theorem [12]). If A is a principally polarized abelian variety, 
then there exist simple polarized abelian varieties Ai,..., A^ and positive integers iii,..., ns such that A is 
isogenous to the product A”’ X • • • A”h Moreover, the Ay and nj are unique (up to isogeny) and permutation 
of the factors. 

We should restrict to certain small locus of principally polarized abelian varieties coming from closed 
Riemann surfaces. 

2.3. The Jacobian variety. Let 5 be a closed Riemann surface of genus g > 1. Its first homology group 
Hi{S,Z) is isomorphic, as a Z-module, to and the complex vector space H^’^{S) of its holomoiphic 
1-forms is isomorphic to C^. There is a natural injective map 

l:Hi{S,Z)'-^ (//^’°(5))* (the dual space of H^’°{S)) 
a 

The image l{H\(S,Z)) is a lattice in and the quotient g-dimensional torus 

JS =(//‘’°(5))* lL{HfS,Z)) 

is called the Jacobian variety of S. The intersection product form in H\ (S, Z) induces a principal polarization 
on JS. 

If we fix a poinf po € S, fhen fhere is a nafural holomoiphic embedding 

Ppo-S ^ JS 

defined by p{p) - where a c S is an arc connecfing po wifh p. 

If we choose a symplecfic homology basis for S, say {a\,..., ag,(Ii,... ,Pg} (i.e. a basis for Hi{S,Z) 
such fhaf fhe infersecfion producfs or,- • aj - ft ■ (Ij = 0 and a,- • /?y = d,y, where d,y is fhe Kronecker delfa 
funclion), we may find a dual basis {mi,... ,cOg] (i.e. a basis of H^'^{S) such fhaf J coj = Sij). We may 
consider fhe Riemann mafrix 



If we now consider fhe Riemann period mafrix Q = (I Z)gx 2 g, then its 2g columns define a laffice in C^. 
The quofienf torus C^/Q is isomorphic to JS. 
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2.4. Holomorphic maps and the Jacobian variety. Let f : S — > /? be a non-constant holomoiphic map 
between closed Riemann surfaces, both of genus at least 1. There are natural induced maps 

//i(/) ://i(5,Z) ^//i(R,Z) 

) (pull-back of forms) 

which together (we use the dual map of the last) permit to define a non-constant surjective morphism 

/(/) : JS ^ JR 

such that, if po £ ^ then 

J(.f)°PpQ =Pf(po)°f- 

The connected component of the kernel of /(/) containing 0 is called the Prym sub-variety of JS with 
respect to /. 

2.5. Kani-Rosen’s decomposition theorem. As a consequence of Poincare complete reducibility theorem, 
the Jacobian variety of a closed Riemann surface can be decomposed, up to isogeny, into a product of simple 
sub-varieties. To obtain such a decomposition is not an easy job, but there are general results which permit 
to work in this direction. 

The following result, due to Kani and Rosen [7], provides sufficient conditions for the Jacobian variety 
of a closed Riemann surface to decompose into the product of the Jacobian varieties of suitable quotient 
Riemann surfaces. If < Aut(S), we denote by gK the genus of the quotient orbifold S /K and by 5/^ the 
underlying Riemann surface structure of the orbifold S/K. 


Theorem 2.9 (Kani -Rosen’s decomposition theorem [7]). Let S be a closed Riemann surface of genus g > I 
and let H\,... ,Hs < Aut(5') such that: 

(1) HiHj - HjHi, for all i, j = I,..., s; 

(2) there are integers ui,..., satisfying that 

(a) riinjgHiHj ^ 0, and 

(b) for every i = I,..., s, it also holds that njgHiHj = 0. 

Then 

72,>0 


If in the above theorem we set = {!}, ui = • • • = n^-i = -I and ns - I, then one has the following 
consequence that we will use for our family of generalized Fermat curves. 


Corollary 2.10 ([7]). Let S be a closed Riemann surface of genus g > 1 and let Hi,... ,Hi < Aut(5') such 
that: 


(1) HiHj = HjHi, for all i, j ^ I,..., t; 

(2) gHiHj =0,forl <i < j <t 

(3) g = gHj- 

Then 

t 

JS =isog. n tip 
j=t 
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3. A SIMPLE (well known) APPLICATION TO HYPER El T IPTIC RiEMANN SURFACES 

In this section we describe (some of them well known) results on the decomposition of the Jacobian 
variety of hyperelliptic Riemann surface with automorphisms of order two different from the hyperelliptic 
involution, as an application of Corollary 2.10, and we provide some examples whose Jacobian variety 
decomposes as product of elliptic curves (in genera two and four). 


3.1. A decomposition for hyperelliptic Riemann surfaces with an extra involution. 


Corollary 3.1. Let S be a hyperelliptic Riemann surface of genus g > 2, with hyperelliptic involution l, 
admitting an extra conformal involution t. 

( 1 ) There are values di,..., dg € C - { 0 , 1 ), with d, 7^ 2.jfor i 7^ j, such that S can be described by the 
hyperelliptic curve 


(3.1) 


C : y^ - x(x - 1) 




(1 -pi)(juj+pi) 

2 2 
b]-ii\ 


X + 




where 


hi = 


Aly ( d; 


I2y-! 


- 1 


d 2 r-l \ d 2 y - 1 


hi = 


|d2y-i - 1 
' d2y - 1 ^ 


bj = 


7 d2y-l-l \/ d,-2-d2y \ 
\ d 2 ^- 1 j\d;-2-^2r-i/’ 


7 = 3, ...,g. 


Observe that, in this model ofC one has that L{x,y) - (x, -y) and 


T{x,y) = 


(/II - 1)^(1 - A) 
( 4 /IiA + (/Ii - 1 ) 2 ’^ 

\ 


2\2 


2^(1 - /if) 


( 4 /liA + (l-/li) 2 )^+ljy ^ 


* 

n 




-Pl)(l -Pid + 4 a(J(1 -/jJ) + 4/ii(l +f)) 


(2) If g - 2y, then, in this model, the underlying hyperelliptic Riemann surfaces of the orbifolds S /(t) 
and S /(ti) are respectively described by the curves 


g-2 

Cl : = x{x - l)(x - Ag) ]~[(x - Aj), 

7=1 


«-2 

C 2 : y" - x{x - l)(x - d,_i) ]^(A - Aj). 

i=i 

(3) If g = 2y + 1, then, in this model, the underlying hyperelliptic Riemann surfaces of the orbifolds 
S I(t) and S/(tl) are respectively described by the curves 

g-2 

Cl : y2 - x{x - 1) Y](x - Aj), 

j=i 


g 

C 2 : y2 - x(x - 1) f](A - d;). 

1=1 

( 4 ) JS JCi X JC 2 . 

(5) S is the fiber product of C\ and C 2 , where in each case we use the natural projection {x,y) 1 —> x. 
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Proof. Let Sr (respectively, S^r) the underlying Riemann surface structure of the orbifold S/{t) (respec¬ 
tively, S Take Hi = (r) and H 2 = (tr). Since H\H 2 = (t, r) = Z^, SIH 1 H 2 has genus zero and S jHi 
has genus y. It follows from Corollary 2.10 that JS =isog. JSr x JS^r', providing part (4) of the theorem. 
Part (5) is almost clear. 


We only provide the proof for part (1) and (2) for the case that g = 2y as for the other the arguments are 
similar. Let us now construct algebraic curve representations for S, Sr and S^r as desired. 

It is well known that the hyperelliptic Riemann surface S can be described by a hyperelliptic curve of the 
form 

Co : = {x^ - 1 ) Y\(^^ - 

y=i 

where /ii,... ,fi 2 y e C - {0, ±1) and, for / 7 ^ ^ in this algebraic model, 

i(x, y) ^ {x, -y), t{x, y) ^ {-x, y), 

the regular branched two-cover defined by the hyperelliptic involution is given by 


and the induced involution, under n, by t is 

If we consider the Mdbius transformation 

T{x) = 

then, since 


n{x,y) ^ X 
't{x) = -X. 

1 - fii\( x+ I 


x-pi 


Til) - 1, r(-l) = 0, TQii) - 00 , Ti-fii) = - 


( 1 -iUir 


and for j = 2,..., 2y, 


TiPi) = 




Pj-pi 


n-Pj) = 


4pi 

1 -Pi\( Pj-'^ 


Pj+Pi 


S can be described by the hyperelliptic curve (3.1). 

A regular branched two-cover P : Cq ^ C, induced by T, is given by 


P(v)- 


1 


1 -/ifjU -P 2 


We have chosen P so that P(±l) = 1, Pi±fii) = 0 and Pi±iU 2 ) = “■ 
Let us set, for j = 3,..., 2y, 


and 


^ly-l = P(“) ^ 


Aj-2 = P{±Pj) = 

1 - /if 


n-Pl] 

/' 2 2^ 

Pj-Pt 

U-pfJ 

2 2 
[^j-^2) 


1 - /if 


, 42y = P( 0 ) = ^ 


/if n - /if 


/if U - pf 


The underlying hyperelliptic Riemann surface of the orbifold S /(t) is described by the hyperelliptic curve 

(2y-2 

\\ix-Aj) 


Cl : = xix - 1) 


i=i 


iX - A2y) 
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and the underlying hyperelliptic Riemann surface of the orbifold S/(tl) is described by the hyperelliptic 
curve 


(2y-2 


C 2 -.y = X(X - 1) 




;=1 


(x-A2y-i). 


The equalities P(0) = A2y and P(oo) = A2y-i imply that 



A2y I A2y-1 - 1 

^ 2 y-l \ ^ 2 y - 1 


2 A2y- 1 1 


Also, the equality Pi±l 2 j) - Aj_ 2 , for j - 3, 2j, ensures that 


/ A2y-i - 1 
\ - 1 


The involution t can be directly computed. 


Aj -2 - A 2 y 
Aj -2 - A 2 y -1 


□ 


3.2. Genus two hyperelliptic Riemann surfaces. Corollary 3.1, in particular, provides the very well 
known fact that a closed Riemann surface of genus two admitting a conformal involution, different from 
the hyperelliptic one, has its Jacobian varity isogenous to the product of two elliptic curves (see for instance 
[13]). 

3.3. Genus four hyperelliptic Riemann surfaces. Let us consider a hyperelliptic Riemann surface S of 
genus four admitting a conformal involution r with exactly two fixed points. If S i and 5 2 are the hy¬ 
perelliptic Riemann surface structures of the orbifolds S/(t} and S/{tl), then Corollary 3.1 asserts that 
JS =isog. JS\ X JS 2 - Now, if the Riemann surface S j, for j - 1,2, admits a conformal involution with 
two fixed poinfs, fhen again JS j =isog. E\j x p 2 j'> where Eij is ellipfic curve and if will follow fhaf 
JS =isog. Pi, I X Pi 2 X p 2 ,i X p 2 , 2 - Nexf resulf provides explicifly such kind of examples. 


Corollary 3.2. Let A\^i,Ai ^2 e C - {0,1) so that Tij t Ai ^2 tind di iTi 2 t 1. Set 

4-f2Ti,i - \3Ai^2 + ^A^i2- ^^2^ 

dl ,2 "I-^^^ 

1 - 4/Ii^ 2 + 2/liq/li_2 + dj 2 

2dij + Ai ^2 - ^Ai iAi 2 + ^14^1,2 

1 - 4/li 1 + 2AijAi^2 + dJ 1 

We also assume that d 2 ,i,d 2,2 £ C - {0,1), d 2 ,i dpi and d 2,2 7^ dp 2 (this provides an open dense 
subspace in the (Ai^i, Ai 2 )-space). Set 



where 


4pi,i \ 2 /\P2,i-pi,i/ 


d 2 +; - 


l-Pl,A/ P 2 , 2-1 


P 2 ,,/+Pi,y 


, j = 1,2, 


d 2 ,y / Aij - 1 


dl,; \d2,; - 1 


E2J = 


'd2,/-l' 


PlJ = 
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Also set 


Iti = 


M4 Ma - 1 

^3^4-1 




^3-1. 
/I 4 - r 


^3 - 1 \ - ^4 


^\/l4 - 1 / \ /ll - /I 3 

Let S be the genus four hyperelliptic curve 

4 '' 


p^ = 


^3 ~ 1 \ / ^2 - ^^4 


/I4 - 1 / \ /I2 - /I3 


(3.2) 

Then 

where 


C : - x(x - l){x + 


4p 


n 

,/=2 


;c 2 - 


(l - pi)(ju^j + pi) (I - pifip^j - 1) 
■X + 


2 2 
hj-hi 




JC =isog. Cii X C 12 X C 21 X C 22 , 


Cii : / ^ x( 2 c - l)(x - Aip)-, C 12 : / ^ x(x - l)(x - /lij); 

C 21 : / = x(x - l)(x - 22 , 2 ); C 22 : / ^ x{x - l)(x - 22 , 1 ). 

Proof. Let us start observing that in order for S j to admit a conformal involution with exactly two fixed 
points it must have an equation as follows (by Corollary 3.1) 


Cj-.y^ = x(x -l)(x- pijXx - P 2 j)(x - P3j), 


where 


PlJ = 


(i-iuijr 


4p 


IJ 


P2J = 


^-Phj\( P2,j+l 


P2J - Pl.j 


P4j = 


1 -/^ 1 ,A/ P2J-^ 


P2J+P1J 


h 1 

Mi, 7 - 1 \ 

Mu' 

U 2 J- 1 I 


P2.j = 




d 2 ,/ - 1 ’ 


and Aij, A 2 J e C - {0,1} with Aij A 2 J. 

At this point, we are working with 4 parameters; di 1 , A 2 J, di 2 and d 2 , 2 . 

Let Lj be the hyperelliptic involution of S j (which is induced by l). The fixed points of lj are the images 
in S j of the fixed points of l (this produces five of them) and the other is the image of the fixed points of lt 
for 7 = 1 and the image of the fixed points of t for j = 2. 

The quotient S jUij) is the Riemann sphere whose cone points are 00 , 0, 1, P\,j,P 2 ,j (these are the projec¬ 
tions of those fixed points of ij which are comming from the fixed points of i) and a point p^j, which is the 
image of the fixed point of lj which is comming from the fixed points of lt for 7 = 1 and the image of the 
fixed points of r for 7 = 2 . 

Since { 00 ,0, Lpi,i,P 2 ,i,P 3 ,i,Pi, 2 ,P 2 , 2 ,P 3 , 2 ) are also the cone points of5'/(t, t), we may see that {pLi,p 2 ,i) = 
IPl,2,P2,2),P3,l ^P3,2. 

Let us assume that pi 1 = p 2,2 and p 2 ,i = Pl 2 . This is equivalent to have 

4 -t 2di 1 — 13di 2 + 8 dj 2 ~ d^ 2 

—4di 2 + 


1 


T 2,1 - 2 


1 ~ 4di 2 + 2d 1.1 di.2 + A' 


1 , 1 ^ 1,2 


1,2 


^ 2,2 - 


2dij -I- dip - 4dijdip -I- dj jdip 

1 ~ 4di 1 -I- 2di idi 2 + 4? 


11,1 ' 1 
The above provides two equations for the four parameters di 1 , d 2 j, dip and d 2 p. 
The condition p 3 1 t P 3 p is now equivalent to have 

4i,i t dip, di idi 2 t 1. 
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Now, Corollary 3.1 tells us how to write the equation for S in terms of the above values, where in this 
case, A[ - pyi, A 2 = P 2 ,i, /I 3 = P3,i and A 4 = 


□ 


Remark 3.3. In [9, 10, 11] it is shown a particular hyperelliptic Riemann surface of genus four whose 
Jacohian variety is isogenous to a product x E'^, where E\ and E 2 are elliptic curves. Such a curve is 
given hy 


P : y2 ^ x{x^ - 1)(/ + 2 + 1), 


hut it does not have an automorphism of order two differently form the hyperelliptic involution; so it cannot 
be produced with our method. Anyway, if we consider, for instance, dyi = -1 and /I 12 - 1/5, then 
iC-li.i) - ji'^ 2 , 1 ) - 27/4 and jiAi^ 2 ) - = 9261/400, where j is the Klein-elliptic function 

(1 - 4 -F 4^)3 


M) - 


42(1 - 4)2 


and the Jacobian vaiiety of the hyperelliptic Riemann surface C constructed in Corollary 3.2 will satisfy 
JC =isog Cj j X Cj 2 - Similar kind of examples can be produced from Corollary 3.2 by considering appro¬ 
priated parameters 4ij and 4i 2 . For instance, if we take 4ij - 4 + VTT and 4^2 = 1 - dij = -3 - VTT, 
then 42,1 - (3 - VTT)/2 and 42,2 - (1 + VTT)/2; so 7(4i,i) - y(^i, 2 ) - y(^ 2 .i) - (1489 -F 294 VTT) - 50 and 
7 ( 42 , 2 ) - 343/50, and JC is isogenous to Cjj x € 22 - 


4. Jacobian variety of generalized Fermat curves of type (p, n), with p a prime integer 

In this section we describe the main result of the paper, that is, an isogenous decomposition of the Jacobian 
variety of a generalized Fermat curve of type (p, n), where p is a prime integer. In the next two sections we 
make this explicit for p € {2,3). 


4.1. A counting formula. 


Lemma 4.1. Let q > 2 and r > 2 be integers and let (//qir) be the number of different tuples { 02 , ■ ■ ■, ctr) so 
that Qj € {\,2,... ,q — 1}, and 02 -F • • • -F -1 mod {q). Then 


Jjq{r) = (- 1 ) 


r+I 


(1 - qJ-^ - 1 

9 


Proof. Let us consider a tuple (02,..., ar-i,ar), where cry e { 1 ,... - 1 } and q'2 -1- + ar = -1 mod (q). 

Since Or is not congruent to 0 mod q, we must have that a 2 + ■ ■ ■ + ar-\ cannot be congruent to -1 mod q. 
But this last sum can be congruent to any value inside {0,1,..., g - 2). We also note that Or gets uniquely 
determined by cri,..., ar-\. In this way, i]jq{r) - {q- 1)'~^ - ipqir - 1). This recurrence asserts that 

r-2 /,, 


>pq{r) = 2(-1)'(9- - {-If - qf-'^ = {-lYYj.l-qf = (-l)'-+l 

k=2 k=2 k=0 


(1 - q) 


1 


q 


For instance, if/2i2s) = 1, il/2i2s-l) = 0, and for g > 3 we have tA^(2) = 1, tfq{3) = q-2, fqiA) = q^-3q+3 
and iA^(5) = q^ - 4q^ + 6q - 4. 

We will need the following equality, which permits to write the genus of a generalized Fermat curve as 
the sum of the genus of cyclic gonal curves (we will use this for the prime case). 
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Lemma 4.2. Let n,q >2 be integers with n + 1 > rq, where r 2 = 4 and rq = 2 for q > 3. Then 

n+l 


1 + 


(p{q,n) n + l\{r - 2){q - 1) 


-z 


2 \ r 

r=ra 




Proof. By Lemma 4.1, the equality we want to obtain is 

..n-l 


1 + 


q'^ f{n-\)q-n-\) iq-l)"^ ln+\\^ , 


2 q 


z 


(r-2)((«-ir'-(-ir'). 


Let us consider the function 


n+l 


M = 4^ 2 r ‘V-’- 


2 qx^ 


2 q \ r 
^ r=0 


Then taking the derivative with respect to a:, the above provides the following equality 


71 + 1 


{q - 1)(1 + xY{{n - \)x - 2) (^ - 1) ^ In + 1 


2 qx^ 


z 


2 q \ r 

^ r=0 


(r-2)+“^ 


Evaluating the last one at a: = ^ - 1 provides the equality 


q'' *((n - l)q - n - 1) (q — 1) (n + I 


n+l 


2 2 q 

and evaluating at a: = -1 provides the equality 

Q ^ (q - 1) y /n + 1 

2 q r 


z 

r=Q 


\{r-2){q-lY 


r-l 


r=0 


{r-2 ){-iy-\ 


By subtracting both equalities one obtains 


q" ^((n - \)q - n - 1) {q - 1) In + 1 


71+1 




2 q r 

■' r=0 


(r-2)((g-l)'-‘-(-ir^). 


from which the desired equality follows. 


Remark 4.3. A way to see fp(r), where p > 2 is prime, in terms of the generalized Fermat group is the 
following. Let us consider a generalized Fermat curve S of type (p, n) and its corresponding generalized 
Fermat group Hq = (ai,..., af) = Z”. Let us fix r of the cone points oo, 0, 1, Ti,..., An- 2 - Let 7? be a 
closed Riemann surface admitting a group K = 7,p as a group of conformal automorphisms so that R/K is 
the Riemann sphere whose cone points are exactly the chosen r points. Let P : 7? —> C be a regular branched 
cover with K as its deck group and whose branch values are these r points. If we lift the n +I- r other points 
via P to R, then we obtain a Riemann orbifold Or, of signature ((r - 2)(p - l)/2; p, p), admitting 

A' as a group of conformal automorphisms. It follows the existence of a subgroup Hr = Z”“^ of Hq so that 
Or = SI Hr. In this way, fp{r) equals to the number of subgroups H = Z”“' of Hq with S/H of signature 
((r-2)(p-l)/2 ;p,P(«.+.>.-'-),p). 
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4.2. Some cyclic p-gonal covers. Let p > 2 be a prime integer and set r 2 = 4 and, for p >3, set rp = 3. 

Let us fix an integer r > rp (we assume r even if p = 2) and we also fix a collection of r pairwise different 
complex numbers /ii,... e C. 

Let S be closed Riemann surface S admitting a group K = Zp as a. group of conformal automorphism so 
that S/K has signature (0;p,. L, p) and whose cone points are pi,..., pr- By the Riemann-Hurwitz formula, 
the genus of 5 is y = (r - 2){p - l)/2. Also, the surface S can be described by a cyclic p-gonal curve of the 
form 

r 

C(ai,...,Q;^) :/ ^ 

y=i 

where ay e {1,2,..., p - 1) and ai + • • • + a^ = 0 mod (p). In this curve model, a generator of K is given 
by T{x,y) = {x,e^^^lPy). 

If/? € {1,2,... ,p - 1}, then the curves C(ai,... ,ar) and C(J5a\,... ,l3ar) define isomorphic Riemann 
surfaces. It follows that we may assume ai = 1. Lemma 4.1 tell us that the number of such (normalized) 
different cylic p-gonal curves is i]jp{r). 

We should note that two curves C(l, Q' 2 ,..., a^) and €{1,^2, ■ ■ ■ ,Pr) may be isomorphic even if the or¬ 
dered tuples (a 2 ,..., ar) and (/? 2 , • • • ,/?r) are different; so ij/pir) is not in general equal to the number of 
isomorphic classes of cyclic p-gonal curves. 


4.3. Decomposition structure of the Jacobian variety of a generalized Fermat curves of type (p,n), 
with p > 2 a prime integer. Let us consider a generalized Fermat curve of type (p, n), with n -i- 1 > r^, say 


5 ■=CPiAi,...,An-2) = < 


x’^ + x!^ + x’^ 


/ilX^ -F X^ "F X^ 
/l2Vj -F ^2 + Xj 




+ < + xP^, 

2 n+\ 


= 0 
= 0 
= 0 

= 0 


c P”, 


where di,..., An -2 € C-10,1) and, for / t j, Ai + Aj. The Riemann surface S has genus g = 1 +(f>{p, n) /2 > 1 
and it admits, as a group of conformal automorphisms, the generalized Fermat group Hq = Z”; generated 
by the transformations 


aj{[xi : • • • : x„+i\) ^ [xi : ■ ■ ■ : xj-i : cOpXj : xj+i : • • • : x„+i], j 
where atp = e^^'^P. We set a„+i = • • • a~^, that is, 

an+iiUi ■. ■■■ ■. x„+i]) = [xi : ■■■ : x„: (x>pX„+i]. 

Let us make a choice of r points inside joo, 0,1, di,..., d„_ 2 ), where n -F 1 > r > We assume r even if 
p = 2. If R is a closed Riemann surface admitting a group K = Zp as group of conformal automorphism so 
that R/K has signature (0; p,. L, p) and cone points are the r chosen points, then there must be a subgroup 
Hr = of Hq so that the quotient orbifold S/Hr has underlying Riemann surface isomorphic to R and 
so that the quotient orbifold under the action of H/Hr = Zp over such a Riemann surface structure has 
signature (0; p, J. .,p) and cone points the r chosen points. Such a group Hr must contain the elements aj 
corresponding to the complement of the r chosen points but cannot contains the ones corresponding to these 
chosen points. 

For any two different subgroups H \, H 2 of Hq, with H\ = Z”“' = H 2 and with the above quotient property 
(maybe for different values of r), we clearly must have that H\H 2 = Hq. 

All the above and Lemma 4.2 permits us to apply Corollary 2.10 in order to obtain the following. 
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Theorem 4.4. Let {S,H) be a generalized Fermat pair of type {p, n), where p is a prime integer. Then 

JS =isog. 

Hr 

where Fir runs over all subgroups ofFLj which are isomorphic to Z”“’ and such that SI Hr has genus at least 
one, and S Hr underlying Riemann surface of the orbifold SI Hr- 

The cyclic p-gonal curves S h,. runs over all curves of the form 

/"np-wr'. 

y=i 

where {p\,... ,pr} c {oo, 0 , 1 , /li,..., Pi pj if ii= j, a j € {1,2,..., p - 1} satisfying the following. 

(i) If every pj oo, then ai = I, a 2 + ■■■ + c^r ^ p - I mod (p); 

(ii) If some Aa = then a\ + ■ ■ ■ + aa-\ + ffa+i + = ;? - 1 mod {p). 


Example 4.5 (Classical Fermat curves). Let us consider, as an example, the classical Fermat curve S - 
Fp - + x!^ + = 0) c P^, where p > 2 is a prime, which has genus g - (p - l)(p - 2)11. If 

’Up = {l,...,p-2), then it is well known that JS =isog. Yiaeiip where A„ are abelian varieties of CM 
type (in the sense of Shimura and Taniyama) (see, for instance, [15]). In fact, Aq, = JSa, where S a is the 
cyclic p-gonal curve 

yP = xix-l)". 

This fact can be seen from Theorem 4.4. The above cyclic p-gonal curves correspond to the surfaces 
Fpl{a\a}f), where Z e [2,..., p - 1). 

In the particular case p - 5, each Cj is isomorphic to the unique Riemann surface of genus two (up to 
isomorphisms) admitting an automorphism of order five; this being C : y^ - - 1. So, JF^ -isog. JC^- 


5. Jacobian variety of generalized Fermat curves of type (2, n) 
In this section we make explicit computations for the case p = 2. 


5.1. Generalized Fermat curves of type (2,4). In this case, 

i x^^+ x^-\- x^ = 0 ) 
dixj + x^ + x^ = 0 i c 
/l 2 Xj + X 2 + X^ = 0 j 

where Ai,A 2 e C - (0,1) and Ai + A 2 , has genus g = S and the generalized Fermat group Hq = is 
generated by the transformations 


ai{[xi : X2 : xj : X4 : A5]) ^ [-xi : X2 : X3 : X4 : X5], 

a2{[xi : X2 : X3 : X4 : A5]) ^ [xi : -X 2 : x^ : X4 : X5], 

a3{[xi : X2 ■ X3 : X4 : A5]) ^ [xi : X2 : -X3 : X4 : xj], 

a4{{xi ■. X2 ■■ X3 ■. X4 ■. A5]) ^ [xi : X2: X3 : -X4 : xj]. 

The transformation <25 =01030304 is 


asilxi : X2 : X3 : X4 : X5]) ^ [xi : X2 : X3 : X4 : -X5]. 

The list of the different subgroups H of Hq, isomorphic to Z^ with S/H of genus at least one is the 
following: 


Hi = {01,0203,0304), H2 = {03,0103,0104) 
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Hj, = {a^,a\a2,a2an), H4 = {a 4 ,a 2 a 2 ,,aia 2 ), H5 - (<35,<32113,a 2 ^J 4 )- 
The quotient orbifold S IHj has signature (1; 2,2) and the underlying Riemann surface is described by the 
elliptic curve Cy as below. 


Cl : 


C3 : 
C 5 : 


= x{x - 1) 



A 2 - 1 
di -1 


= x{x - 1) 



d 2 (l-dl) \ 
d2-Ti j’ 


= x{x - l)(x - Ti). 


C 2 : / ^ x{x - 1) ; 

C 4 : y'^ = x(x - \){x - /I 2 ); 


In this case, if i + j, then HjHj = Hq\ so gHiHj = 0. We may apply Corollary 2.10 to obtain the following. 


Theorem 5.1. Let S, Ci,..., C 5 be as above. Then 

JS =isog. Cl X C 2 X C 3 X C 4 X C 5 . 


Remark 5.2. (1) Theorem 5.1, for Ai,A 2 € Q, was obtained by Yamauchi in [17]. Our results states 

that all generalized Fermat curves of type (2,4), a two-dimensional family of Riemann surfaces of 
genus five, have a complete decomposable Jacobian variety. 

(2) The elliptic curves Ci, C 2 and C 3 , respectively, can also be described by the following ones 

Ci:y^ = (x- \)(x - Ti)(a - A 2 ), 

C 2 : - x{x - Ai)(x - A 2 ), 

C 3 :y'^ = x{x - l)(.r - Ai)(x - A 2 ). 

If we consider the fiber product of Ci, C 2 , C 3 , C 4 and C 5 , in each case using the projection 
(x,y) i-> X, we obtain a reducible curve. This curve has two irreducible components, both of them 
isomorphic to S. 


5.2. An example. Let j be the Klein-elliptic function 

(1 - T -F A^f 


J(A) - 


T2(1 - 4)2 


If we choose A 2 = l/Ti, then we see that 


42(1-di) 
42 - 4i 


- 7(4i) 


is equivalent to have 


(1+42)(42-4,-1)(42 + 4i-1) = 0 . 


;(|) = 10 .) 

is equivalent to have 

(42 _ q, _ l)(q2 + ^ ^ _ q2 ^ ^ 0 
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is equivalent to have 

So, if we take Ai = (1- V5)/2 and A 2 = -{1+ V5)/2, we obtain that Ci, C2, C3, C4 and C5 are isomorphic 
elliptic curves and, in particular, JS ^isog. Cj. 

5.3. Generalized Fermat curves of type (2,5). In this case 

Vj + ^2 + V 3 = 0 



(5.2) 


where Ai,A 2 ,Aj € C - {0,1) and d, Aj, for / ^ j, has genus g = 17 and the generalized Fermat group 
Hq = Z 2 is generated by the transformations 


ai([xi : V 2 : V 3 : V 4 : V 5 : X(,]) ^ [-xi : X 2 : X 3 : xa : X 5 : xe], 
a 2 {[xi : X 2 : X 3 : X 4 : X 5 : x^]) ^ [xi : -X 2 : x^ : X 4 : X 5 : xe], 

a3([vi : V2 : V3 : V4 : V5 : x^]) ^ [xi : X2 : -V3 : X4 : X5 : Xf,], 

a4([xi : X2 : X3 : X4 : X5 : veJ) ^ [xi : X2 : X3 : -X4 : X5 : xe], 

asiUi : V 2 : V 3 : V 4 : V 5 : veJ) ^ [xi : X 2 : X 3 : X 4 : -X 5 : x^]. 


The transformation ae = aia 2 a 3 a 4 a 5 is 


ae{[xi : V 2 : V 3 : V4 : V 5 : x^]) ^ [xi : X 2 : X 3 : X 4 : X 5 : -x^]. 


The list of the different subgroups H of Hq, isomorphic to with S/H of genus at least one is the 
following: 


dfl (u:j, tZ2? 6:3^14, 6f36f5), 7/2 (rij, 6E3,6E26E4, 6E26f5), 7^3 (^f^, tZ4? 6f26f3, 6f36E5), 
H 4 = (ai,a5,a3a4,a2a3), H 5 - {ai,a(„a2,a4,a2,a5}, 776 = ( 612 ,a3,ai6r4,aiaj), 

777 — {a 2 , CI 4 , ciia^, CI 1 CI 5 ), 77g — {a 2 , CI 5 , CI 1 CI 4 , a^a^), 77g = { 02 , ci(,, ci\ci 4 , ci\cii), 
77io - (a3,a4,aia2,aifls), T/n = {a2,ai,a\a2,aia4), H\2 = (a3,ae,< 21612 ,aias), 
77i 3 = (a4,fl;5,aia2,fl:i<33), 77i4 = {a4,a(^,aia2,aia2), = (aj, ae, <2ia2, <2ia3). 


77i6 — (6!i6!2) 6!i 6!3,6!l6l4, dlflij). 
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The quotient orbifold SIHj, for j = 1,..., 15 has signature (1;2,2,2,2) and its underlying genus one 
Riemann surface is described by the elliptic curve Cj as below. 


Cl : 
C3 : 


C5 : 


Cl : 


C9 : 


Cii : 

Ci3 : 
Ci5 : 


- x{x - 
y^ - x(x - 

y^ - x{x - 

y^ = x{x - 

y^ - x(x - 

y^ - x(x - 

y^ = x{x - 
y^ - x{x - 


1 )^^- 

l)(x- 


1 )^^- 

dIx- 


(T3-T2)(l-di) 
(T3 -Ti)( 1-T2) 
d3(l - T2) 

/13 - A 2 
d2(l - dl) 

A 2 - Ai 

A 3 - A 2 

\-A 2 

^2 - M 

1 -Ti 




1)(a ■ 
l)ix- 


■ ds); 
■di). 


C 2 : 
C 4 : 

C 6 : 

Cs : 

Cio 

C12 

Cl 4 


= x(x - l) bc - 
= x{x - 1 ) be - 

= x{x - 1 ) - 

= x{x - 1 ) be - 


d3(d2 - 1) \ 
d2(d3-di)j’ 
d3(l-di) \ 
d3-di j’ 

d3 - di \ 

d 2 - d J ’ 

d3 - di \ 

1 - di j ’ 


^ xix- l){x- 


^ x{x- l)\x- y\’ 


= x{x - 1 ) (.le - d 2 ); 


The quotient Riemann surface S ///ig has genus two an it is given by the curve 

C 16 : ^ xix - 1)(a - di)(.ie - d 2 )(.ie - A 3 ). 

In this case, if i + j, then HiHj = //q; so gHjHj = 0. We may apply Corollary 2.10 to obtain that 


Theorem 5.3. Let S, Ci,..., C\(, be as above. Then 

JS =isog. Cl X • • • C 15 X JC\fy. 


Remark 5.4. (1) A particular situation of the above result is when Ti = -1, /I 2 € C - {0, ±1,+/) 

and /I 3 = -l/d 2 . In this case the hyperelliptic curve Cig admits an involution different from the 
hyperelliptic involution, this being {x,y) {-Ijxjyjx^). By Corollary 3.1) dCig =isog. E\ x E 2 , 
where E\ and E 2 are elliptic curves, so 

—isog. Cl X • • • C 15 X £*1 X £ 2 - 

(2) In the case that di, /I 2 , d 3 € Q, Theorem 5.3 was obtained by Yamauchi in [17]. 


5.4. Generalized Fermat curves of type (2, n), where n > 6 . In this case, 

..7 , ..2 , ..z ^ 0 


(5.3) 


5 - 


xl+ xl + xj 
dlX? + Xy + xj 


d2Xj + X 2 + Vj 


d„_2A? + X^ + X 


^«+l 


- 0 
- 0 

- 0 
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where A\, ...,An -2 € C - {0,1) and d,- + Aj, for i j, has genus g = 1 + 2” ^{n - 3) and the generalized 
Fermat group Hq = Z” is generated by the transformations 

ajilxi : ••• : Xn+i]) = [xi : ■ ■ ■ : xj^i : -xj : xj+i : ••• : Xn+i], j = 

The transformation a„+i = aia 2 • • • is 

an+\{U\ ■.■■■■. X„+i]) = [xi ■.■■■■. Xn'. -Xn+\\. 

Set 

b\ =oo, b 2 = 0, b^ = \, bA = Ai,...,bn+\ = /i„_ 2 . 

5.4.1. Case n > 6 even. For each j - 1,2,..., (n - 2)/2, we consider the subgroup 
Kj - {a\,a2,, a2j-i,a2ja2j+i,a2ja2j+2, ■■■,a2ja„) = 

The quotient orbifold SjKj has signature {{n - 2 j)l 2 ', 2 ,^^V.~.^\ 2 ) and admits an automorphism tj of 
order two. If S j is the Riemann surface structure of S /Kj, then S //(ry) is a Riemann orbifold of signature 
(0; 2, 2). The cone points are given by the points b 2 j, ^ 2 y+i > ■ ■ • > b„+i, that is, it is the hyperelliptic 

Riemann surface of genus (n -2 j)/2 described by the equation 

S J :y^ = {x- b 2 j){x - b 2 j+\)- --{x- bn+i). 

Fix j € {1,2,..., (n - 2)/2). For each tuple (I'l,..., / 2 /- 1 ) e {1,2,... ,n + 1}, /i < 12 < ■ ■ ■ < hj-i (we 
denote by I j such a collection of tuples), we may consider the permutation 

= ( 1 > 'i)( 2 , h) ■ ■ ■ ( 2 ; - 1 , hj-i) e ^n+i- 

We have ( 2 ^!!^) permutations as above. For each such permutation we consider the group 


As was the case for Kj, the quotient orbifold S has signature {{n-2j)l2\ 2, 2) and admits 

an automorphism of order two. If 5 Ih® Riemann surface structure ofS j,, then 

S ^ Riemann orbifold of signature (0; 2, 2). The cone points are given by the 

points in 

{Ci , . . . , Cn-2j+2\ ~ {b\, ... , ^n+1) ~ {bi ^, )’ 

that is, it is the hyperelliptic Riemann surface of genus (n -2j - 2)/2 described by the equation 

S (h.-.hj-l) -y^ = (^- ClXx - C 2 ) • • • (X - C„_2;+2). 


Any two different subgroups as above, say, 2 . j) and ,2 j,, satisfies that 




and, by Lemma 4.2, 


nl2 


So, we may apply Corollary 2.10 to obtain the following. 


rt /2 


n + 1 
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Theorem 5.5. 


(n-2)/2 

JS ^isog. ]~[ ]~[ JS 

j=l 


5.4.2. Case n>l odd. For each j - 0,\,... ,(n - 3)/2, we consider the subgroup 

Kj = {a\,a2,..., a2j, a2j+ia2j+2, a2j+i‘^2j+3^ ■ ■ ■ ,a2j+icin) = '^2 ^ 

The quotient orbifold S/Kj has signature ((n - 2j - l)/2;2, .V.,2) and admits an automorphism tj of 
order two. If S j is the Riemann surface structure of S/Kj, then S j/{Tj) is a Riemann orbifold of signature 
(0; 2, 2). The cone points are given by the points ^ 2 ;+u • • • > ^n+i > that is, it is the hyperelliptic Riemann 

surface of genus (n -2j - l)/2 described by the equation 

Sj:y'^ = ix- b2j+i){x - b2j+2) ■■■(x- bn+i). 

Fix 7 e {0,1,, (n - 3)/2}. For each tuple (I'l,..., 127 ) e {1,2,..., n + 1}, /j < 12 < • • • < hj (we denote 
by Ij such a collection of tuples), we may consider the permutation 

= ( 1 > 'i)( 2 , h) ■ ■ ■ {2j, hj) € X„+ 1 . 

We have permutations as above. For each such permutation we consider the group 


As was the case for Kj, the quotient orbifold S/Hu^i has signature {{n-2j- l)/2; 2, .V., 2) and admits 
an automorphism T(;j . of order two. If is the Riemann surface structure of S/H^^.^ j, then 

‘^(ii,...,( 2 y)/('r(ii,...,! 2 ;)) is u Riemann orbifold of signature (0; 2,2). The cone points are given by the 
points in 

{ci,..., Cn+i- 27 ) — {bi,..., ^n+i) ~ {bi^ , bi2,..., bi2j}, 
that is, it is the hyperelliptic Riemann surface of genus {n - 2j - l)/2 described by the equation 

S(M,...,i2j) : / = (-r - ci)(x - C 2 ) • • • (x - Q+ 1 - 27 ). 


Any two different subgroups as above, say and ,3 )> satisfies that 


fi Cr,. \ fi cr, ■ \ , 


and, by Lemma 4.2, 


(« - 1 - 2 j)/2 = 


(«- 3)/2 

Z 

j=0 

So, we may apply Corollary 2.10 to obtain the following. 


n + I 

2 j 


(n+l)/2 , , (h+1)/2 

■St::'.!'—s 


n + \ 
21 


(/-l) = l + (u-3)2"-2=g. 


Theorem 5.6. 


(«- 3)/2 


JS = 


isog. 


n n 

7-0 {ii,...j 2 j)elj 


JS 


(il.-Jlj) 
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Example 5.7 (A generalized Fermat curve of type (2, 6 ) whose Jacobian variety is isogenous to a product 
of elliptic curves). We have seen that the Jacobian variety of a generalized Fermat curve of type (2,4), 
which has genus five, is isogenous to the product of five elliptic curves. Similarly, we have constructed a 
one-dimensional family of generalized Fermat curves of type (2,5), which have genus seventeen, whose 
Jacobian variety is isogenous to the product of seventeen elliptic curves. If we consider a generalized 
Fermat curve of type (2, 6 ), which has genus 49, the above decomposition states that its Jacobian variety is 
isogenous to the product of 35 elliptic curves and 7 Jacobian varieties of genus two curves. These seven 
curves of genus two are of the form ~ ' 2 /)> where ai,..., ae £ 0,1, Ai,A 2 , /I 3 , 44 ). If we 

assume the values Ai, A 2 , Aj, and A 4 so that there is a Mdbius transformation T of order seven preserving the 
set { 00 ,0,1,4i, /I 2 , /I 3 ,/I 4 ), then for every point a e { 00 ,0,1,4i, 42 , 43 , 44 ) there is a Mdbius transformation 
Sq of order two fixing a and permuting the other six points. This asserts that the corresponding genus 
two surface admits a conformal involution with two fixed points, so its Jacobian variety is isogenous to the 
product of two elliptic curves. In particular, for such values the corresponding generalized Fermat curve of 
type (2, 6 ) is isogenous to the product of 49 elliptic curves. 


6 . Jacobian variety of generalized Fermat curves oe type (3, n), where n € {2,3,4) 

In this section we describe the decomposition of the Jacobian variety of generalized Fermat curves of 
type (3, n), with n € {2,3,4), indicated in Theorem 4.4. 

6.1. A simple remark. Let us start with the following fact (which was also obtained in [13]). 


Lemma 6.1. IfS is a closed Riemann surface of genus two admitting a conformal automorphism p of order 
three with exactly four fixed points, then JS is isogenous to the product of two elliptic curves. 


Proof By the Riemann-Hurwitz formula, Sl{p) has signature (0; 3,3,3,3). We may assume that the cone 
points of 5 /( 77 ) are 00 , 0, 1 and 4 e C - {0,1). It follows that 5 is defined by fhe hyperellipfic curve 


/ = - l)(jc^ - a^), 


where 


a3 = 


VI-F 1 
VI- 1 


The automorphism 77 is defined by 

p{x,y) ^ {aJ 3 X,y), m 3 = 

The above hyperellipfic curve admits the involution 


{x,y) 


a y 


, X x^ 

with exactly two fixed points; so it follows (see Section 3.2) that JS =isog. Ei x E 2 , where Ei and E 2 are 
elliptic curves. 

□ 


6.2. Generalized Fermat curves of type (3,2). There is exactly one generalized Fermat curve of type 
(3,2), this being given by: 

x\ + x\ + x\=0 

which has genus g = 1 (it is also described by the curve y^ - x’ - 1 ). 
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6.3. Generalized Fermat curves of type (3,3). A generalized Fermat curve of type (3,3) is given by 


( 6 . 1 ) 


^ 

aJ + 

+ ^2 + A4 



c P^, 


where d e C - {0,1). 

The Riemann surface S has genus g = 10 and the generalized Fermat group Hq = is generated by the 
transformations 


ai{[xi : A2 : X3 : X4]) = [^3X1 : X2 : X3 : X4], 


a2([xi : X2 : X3 : X4]) = [xi : 103X2 : X3 : X4], 


a3([xi : X2 : X3 : X4]) = [xi : X2 : 013x3 : X4], 

where 013 = 

The transformation = 010203 is 

04([xi : X2 : X3 : X4]) = [xi : X2 : X3 : 013X4]. 


The list of the different subgroups H of Hq, isomorphic to with S/H of genus at least one is the 
following: 


Hi - (01,0203^), H2 = (02,0103*), Ht, = (03,020| '), 7/4 = (04,0203*), 


- (0102,0103), - (0102,0203), H-j = (0203,0103). 

If j = 1,2,3,4, then the quotient orbifold S///y has signature (1;3,3,3) and the underlying Riemann 
surface is isomorphic to the elliptic curve 

= x^ - 1 . 

Note that SI {a j) has signature (1; 3,.?., 3) and its underlying Riemann surface is isomorphic to the gen¬ 
eralized Fermat curve of type (3,2) (which has genus one) 

C : y] -F -F - 0. 


The quotient S j = S /Hj, for j = 5, 6 ,7, is a closed Riemann surface of genus two admitting an automor¬ 
phism T]j of order three so that S jl{r]j) has signature (0; 3,3,3,3) and whose cone points are 00 , 0, 1 and A. 
It follows, from Lemma 6.1, that S j is isomorphic to 

E:y^ = {x^ - l)(x^ -a^), 


where 


a 


Vd-F 1)^ 

Vd-lJ ’ 


and that JE =isog. E\ x E 2 , where Ei and E 2 are elliptic curves. 

We must note that, for i j, the group HiHj always contains two elements a„ and a,,, where u v. 
Now, since Sl{au,ay} has signature (0; 3, 3), for u t v, one has that gHjHj = 0 for i t j. We may apply 

Corollary 2.10 to obtain the following. 


Theorem 6.2. Let S be a generalized Eermat curve of type (3,3). Then JS is isogenous to the product of 
eiiiptic curves. 
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6.4. Generalized Fermat curves of type (3,4). In this case, 

(6.2) S = Aix^ + 4-^4 " 0 I c P'^, 

[ A 2 X^ + ^2 + = 0 j 

where Ai,A 2 € C - {0,1} and Ai + A 2 , has genus g = 55 and the generalized Fermat group Hq = is 
generated hy the transformations 

a\{[xi ■. X2 ■■ X2, ■. Xi^ ■. ;C5]) ^ [u^xi ■. X2 ■. x^ : x^ ■. 3 C 5 ], 

a2{Vx\ ■. X 2 '■ X 2 ■. XA'■ X5]) - [xi : C03X2 : X3 : X4 : X5], 

«3([JCi : X2: X3 : X4: X5]) ^ [xi : X2 : 0)3X3 : X4 : X5], 

a^iVxi ■. X2 ■■ X3 ■. Xi^ ■. ;C5]) ^ [xi : X2 : X3 : 0)3X4 : 3C5], 

where 0)3 = 

The transformation < 2 ^' = a\a 2 a 3 a 4 is 

asilxi : X2: X3 : X4: X5]) ^ [xi : X2 : X3 : X4 : 023.^5]. 

The list of the different subgroups H of Hq, isomorphic to with S jH of genus at least one is the 
following: 

H\ = {a\,a 2 ,a 3 a^^), H 2 = {a\,a 3 ,a 2 al^), H 3 = {a\,a 4 ,a 2 d^^), 

H 4 - (fli,( 25 ,( 22 ( 23 '), H 3 - {a 2 ,a 3 ,a\d^^),H^ = {a 2 ,a 4 ,a\d^). 

Hi = {a2,a5,a\a^^), = {a3,a4,a\a2'^). Hi) = (a3,a5,aia2^), H[o - (( 24 ,( 25 ,( 21 ( 22 '), 

Li — {ai, a2ti3, 01204 ), L 2 = ( 01 , 0203 , 0203 ), L 3 = { 01 , 0204 , 0203 ), 

L 4 - { 02 , 0304 , 0303 ), L 3 = { 02 , 0304 , 0301 ), L(, = { 02 , 0303 , 0301 ), 

Ly — (a 3 , ( 24 ( 25 , a 4 ( 2 i), Lg = (( 23 ,( 24 a 5 ,( 24 a 2 ), L) = (a 3 , a 4 ( 2 i, a 4 ( 22 ), 

Lio = (a 4 ,a 5 ai,a 5 ( 22 ), Ln = { 04 , 0301 , 0303 ), L 12 = { 04 , 0302 , 0303 ), 

Zl3 - {a3^^l^2,iil<^3)^ Zi 4 = { 03 , 0102 , 0104 ), Li 5 = ((25,(2ia3,(2ia4), 

Ri = {0102,0103,0104), R2 - (0102,0203,0204), 

R 3 = {( 13 ( 22 , ( 21 ( 23 , (J 3 a 4 ), R 4 = { 0402 , 0403 , 0104 ), R 3 = { 0302 , 0303 , 0304 ). 


6.4.1. The quotient orbifold SIHj, for each j = 1,..., 10, has signature (1; 3,.®., 3) whose underlying 
Riemann surface is isomorphic to the elliptic curve 

y 2 = ;c3 - 1 . 

Since, for every triple 11 , 12,13 e {1,2,3,4,5) of pairwise different numbers one has that 5/(a,-,,,( 2 ,- 3 ) 
has signature (0; 3,.?., 3), for i + j it holds that S IHiHj has genus zero. 

6.4.2. The quotient orbifold S jLj has signature (2; 3,3,3) and its underlying Riemann surface Sy (of genus 
two) admits an action of Z 3 with quotient orbifold with signature (0; 3,3,3,3); so Lemma 6.1 states that JS j 
is isogenous to the product of two elliptic curves. 

It can be checked that LjLj = Hq if i j, so SILiLj has genus zero. Also, we may see that LjHi = Hq, 
foxj- 1,..., 15 and i - 1,..., 10, so 5 ILjHi has also genus zero. 
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6.4.3. The quotient orbihold S/Rj, in these cases, has signature (3; -). This quotient surface admits a cyclic 
group of order three, say generated hy pj, as a group of automorphisms with quotient being of signature 
(0; 3,3,3,3,3). In fact, this Riemann surface can be described by the algebraic curve 

= x"\x-\nx - A,r\x-A 2 r\ 


where 




(ai,a2,ff3,a4) = ■ 


( 1 , 2 , 2 , 2 ), 
( 2 , 1 , 1 , 1 ), 
( 2 , 2 , 1 , 2 ), 
( 2 , 2 , 2 , 1 ), 
( 2 , 2 , 2 , 2 ), 


j = 1 ; 

7 = 2; 
7 = 3; 
7 = 4; 
7 = 5. 


and pj(jc,y) = {x,e^^‘^‘^y). 

For any different two of these groups, say /?, and Rj one has that Rfij = Hq, so S/RiRj has genus zero. 
Similarly, S/HiRj and SI UR j have genus zero. 


Remark 6.3. (1) We explain the difference between the above groups Lj above. First, once we have 

made a choice of one of the points inside {oo, 0,1, Ti, /I 2 ), we may consider a closed Riemann surface 
of genus two admitting an automorphism of order three with quotient being the sphere and whose 
branch values are the other four fixed points. The choice of a point as above is equivalent to make a 
choice in the set {ai, a 2 , aa, < 34 , aj). For simplicity, let us assume the chosen point is 00 , equivalently, 
the element ai. So the Riemann surface of genus two we look for must be represented by a curve of 
the form 

- x"^ix - IfUx - Aif\x - A2f\ 

where a \, 02 , as, Q '4 € {1,2} and ai + 02 + aj + a 4 is congruent to 0 module 3. For this two happen, 
two of these values must be equal to 1 and the other two equal to 2. This provides 6 possible ordered 
tuples (ai, a 2 , aa, a 4 ). But, the tuples (1,1,2,2) and (2,2,1,1) produce isomorphic curves; similarly 
the pairs of tuples (1,2,1,2) and (2,1,2,1), the pairs of tuples (1,2,2,1) and (2,1,1,2). So, we only 
have 3 cases to consider, these provided by the tuples (1,2,2,1), (1,2,1,2) and (1,1,2,2). These 
three cases correspond, respectively, to the groups Li, L 2 and L 3 . 

(2) Let us consider the following subgroups of T/q, each one isomorphic to Z^, 

Ui ^ {a\,a2a-i) = {a\,a 4 as), U2 = (ai,a 2 a 4 > ^ (<31,113^5), U3 = (ai,a 2 a 5 > = (ai,a 3 a 4 >, 

U 4 ^ (a 2 ,aia 3 > ^ (a2,a4a5>, U 5 = (a2,aia4> ^ (a2,a3«5>, Uf, = (<32,fl:i<35> = (a2,a3<34>, 

Uj ^ (a3,ai<32> ^ (a3,a4a5>. Us = (a3,<3ia4> ^ {a 3 ,a 2 as), U 9 = (<33,aia5> ^ (a3,a2<34>, 
f7io = {a4,a\a2) = (a4,a3<35>, Un = (a4,ai«3> = (a4,a2a5>. Un = (a4,<3ia5> = (a4,<32«3>, 

U\3 = (U5,ai<32> - (a5,a3a4>, Uu - (U5,<3l«3> = (<35, <32<34), U\5 = (a5,<3lU4> = (a5,<32a3>- 

The quotient orbifold SlUj, for each j = 1,..., 15, has signature (4; 3,.?., 3). The underlying 
Riemann surface of genus four, say S j, admits a group Kj = of conformal automorphisms 
with quotient orbifold of signature (0; 3,3,3,3). It is well known that Kj can be generated by two 
elements of order three, say bi and b 2 , each acting with fixed points, so that the only non-trivial 
elements acting with fixed points are bi, fij, b 2 and b^ (for instance, by using Theorem 2.3). Let 
2-;,i = {b\b 2 ) and Lj ^2 = {b\b^). Then, for i = 1,2, S jlLjj has signature (2; -) and LjjLj ^2 - Kj. It 
follows from Corollary 2.10 that JS j =isog. JS /Lyj x JSILj^- But SILjj is a genus two Riemann 
surface admitting a conformal automoiphism of order three acting with four fixed points, so Lemma 
6 .1 states that JS ILj^ is isogenous to the product of two elliptic curves. As a consequence, JS j 
is isogenous to the product of four elliptic curves. If i\ € {1,2,3}, h £ {4,5,6}, 13 e {7,8,9}, 
14 € {10,11,12}, 15 e {13,14,15}, then for n, v e {i\,i 2 , HJa), u v, one has that UuUy contains at 
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least three of the elements ai, 02 , a^, <24 and < 35 . So, SIUi,Uv has genus zero. Unfortunately, if u,v 
belong to the same triple ({1,2,3), {4,5, 6 ), {7, 8,9), {10,11,12} or {13,14,15}), then UuUv = is 
one of the groups Lj above, so the quotient SIUuUv has positive genus. 

As the total sum for the genera of all orbifolds is 

10 15 5 

2] g{S/Hj) + 2] g{S/Lj) + 2] giS/Rj) = 55, 

j=i' { ' ,/=i' 2 ^ ;=i' 3 ' 

Corollary 2.10 states that 


Theorem 6.4. IfS is a generalized Fermat curve of type (3,4), then 

10 15 5 

js =isog. n jsh, n jslj n jsr^. 

j=i J=i ;=i 

Moreover, each JS Hj A an elliptic curve and each JS i- is isogenous to the product of two elliptic curves. 


6.5. Elliptic curves decomposition? Can we find parameters Ai and A 2 so that each of the 3-dimensional 
Jacobians JS Rj is isogenous to the product of three elliptic curves? 

Let us assume there is a Mdbius transformation T sending {1, 015 , cUj, Wj} into { 00 ,0, l,Ai,A 2 }, where 
0 J 5 - . For instance, if we take T{x) = {x- mj)(l - (jOs)I{x - a> 5 )(l - m^), then r(l) = 1, T{iof) = 00 , 

= 0. So, in this case, we may take 

Ai = T{ul) = -^ 5/(1 + oj]) 

A 2 = T{o 4) = -ulKl + m2)(l + 

With the above parameters one may check that the five genus fhree Riemann surfaces S r. are isomorphic 
fo 

={x- ifix - OJsXx - ajjXx - oj^Xx - Wj), 

and fhe oder fhree aufomorphism pj is given by p{x,y) = (x, e^^'^'^y'^. Now, Theorem 6.4 asserfs fhaf 


10 


15 


JS =isog. 

i=i ;=1 

Also, S now admits a conformal involution given by 


A([.ri : X2: X2 : X4: .vj]) = 


xj, : -X4 : (1 - Aif'^xi : (di - 1 )‘'-’jc2 : 


1 / 3 , 


1 -di 

1-42 


1/3 


■ 3:5 


This involution induces a conformal involution t in the genus three Riemann surface X = S jRi, with 
quotient X/(t) of signature (1; 2,2,2,2). Also, one of the fixed poinfs of t is also a fixed poinf of fhe 
aufomorphism of order fhree p\ obfained previously; so pr is an automorphism of order six and XHpr) has 
signafure (0; 2,3,3, 6 ). In fhe above algebraic model, 

T{x,y) = 

In paiticular, S /Rj can also be described by fhe curve 

C-.y^ = x^{x-\f{x-pf, p = - - 

it05 + 1)^ 
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and the automorphism of order six is given by 

pT{x,y) = 

Question: Is JC isogenous to the product of three elliptic curves? 

7. A CONJECTURAL PICTURE 

Theorem 4.4 states a decomposition for the Jacobian variety of a generalized Fermat curve of type {p, n), 
where p is a prime integer. What is going on with the case p not a prime? 

In the following three examples, in the case of classical Fermat curves, we may see that Theorem 4.4 does 
not hold in general if p is not a prime integer. After these examples we propose a conjectural decomposition 
result. 


Example 7.1 (Fermat curve Fa). In this example we observe that Theorem 4.4 holds for a generalized 
Fermat curve of type (4,2), that is, when S = F 4 = {x| + = 0) c is the classical Fermat curve 

of genus 3. If // < //q - (ai,< 22 ) is so that S!FI has positive genus, then SjH has signature (1;2,2) and 
H = Z 4 . The collection of such subgroups H is the following: 

Hi = {aia\), H2 = (a2<2i>, Hj, = {ai,al). 

The underlying Riemann surface S Hj of genus one admits a conformal automorphism of order four, say 
Tj, with S Hj I(tj) with signature (0; 2,4,4). In particular, all of them are isomorphic to the elliptic curve 

E:y2-/-1. 

Since HiHj = Hq, for i j, we may apply Corollary 2.10 to obtain that 


Example 7.2 (Fermat curve Eg). In this example we observe that Theorem 4.4 does not hold for a gener¬ 
alized Fermat curve of type ( 6 ,2), that is, when S = Eg = {Xj - 1 - - 1 - = 0} c P^ is the classical Fermat 

curve of genus 10. If H < Hq = {ai,a 2 } is so that S jH has positive genus, then either: 

(1) S jH has signature (1;2,2,2), H = Hi = {aia^^,a\) and S// is given by the elliptic curve E : y^ - 

- 1 ; 

(2) SIH has signature (1; 2,2,3,3,3), 5// is also given by E, and // = Zg is any of the followings: 

H2 = {a\,a\), Ht, ^ {a\,al), H4 = {al,al), H5 = {aj,al}, //g = {al,al), Hi = {a\,aly, 

(3) S IH has signature (2; 2,2), S// is given by E : - 1, and // = Zg is any of the followings: 

H^ = {aia^^), Hg - (aia^^), Hm - (a2a^^). 

It can be checked that in this case Theorem 4.4 fails using the subgroups Hi,..., Hiq. Anyway, in this case 
we have that Eg admits the symmetric group S 3 = (t 8 ,T 9 ,tio) as a group of conformal automorphisms, 
where rg is involution that conjugates ai to a 2 and fixes 113 , T 9 is involution that conjugates ai to and 
fixes a 2 and tiq is involution fhaf conjugates a 2 to <23 and fixes ai. The group Hq is normalized by S 3 and, 
in particular, fhe fhree subgroups H^, Hg and Hiq are permuted by conjugation of elements in S 3 . The 
stabilizer, in S 3 , of Hj is (tj), for j = 8,9,10. If we set Eg = {H^,t^}, Kg - {Hg,Tg) and Eio = {Hiq,tiq), 
then S IKj is a genus one Riemann surface, the three of them isomorphic to E. It follows (using the groups 
Hi,..., Hj, Eg, Kg and Eio in Kani-Rosen theorem) that 

7Eg Eio. 

The above example was also been obtained by Beauville in [1]. 
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Example 7.3 (Fermat curve Eg). Let us consider the generalized Fermat curve of type (8,2), that is, when 
S = Eg = + ;C2 + Xj = 0) c is the classical Fermat curve of genus 21. If // < Hq = (ai, a2) is so that 

SIH has positive genus and HqIH = Zg, then 

(1) S/H has signature (2; 4,4,4,4) and H is one of the following groups: 

Hi — (fifj , 6 f^ 6 t 2 )? 7/2 — (,^2 ) 6 fj 6 f 2 ), 

(2) SIH has signature (3; 2,2) and H is any of the following: 

7/3 ^ (a 7 ‘a 2 >, 7/4 = {a\d2^), H5 = 

776 - {a1^a2^), H-j = (a]"^a2>, 77g = {aia\), Tfg - <a|a2>. 

If 7 € {3,..., 9), the quotient F^IHj admits the group HqIH j = Zg as group of conformal automorphisms 
with quotient having signature (0; 4, 8, 8). It is known that such genus three Riemann surface is given by the 
hyperelliptic curve 

E :y^ = x^ -1. 

The groups T/g, H 4 , H 5 , Hq, Hi, 77g and Tfg satisfy the conditions of Corollary 2.10; so 

■7Eg =isog. JE^. 

In [9] (case a = 0 in the proof of Theorem 5 for case Dg x C2) it was proved that JE =isog. Ej x E2, where 

El :y2 = / + 2, E2 : - u'* + 1. 

Since Ei = E2, by {x,y) = {^u, V2v), 

TEg =isog. Ef. 

The following is a conjectural picture for the general case (see Lemma 4.2). 


Conjecture 7.4. Let k,n >2 be integers and set r 2 = 4 and Vk - 3, for k > 3. We also assume that r^ < n+l. 
Eor each r € {r^,... ,n + 1} we consider the following sets. 

’Hrji = {(ai,..., ar! : ay e Zj; - (0), ai + • • • + = 0 mod {k)}l'Z\, 

where Z^ denotes the units ofL^ and the action ofu e is given by 

u ■ (Ofi, ..., Ur) - {uai ,..., uar), 


and Af is a maximal set of r-tuples (ai,..., Or) € { 00 , 0 , 1 , di,..., An-iY, <^1 ^ ^j> with the property that 
if {a\,... ,ar) and {b\,... ,br) are different elements of Ar, then there is no a Mdbius transformation T e 
PSL 2 (C) keeping invariant the set { 00 ,0,1, di,..., d„_ 2 ) sending the set {ai,..afi onto br). 

Eor each a = {a\,... ,ar) ^ Ay and each a = [(ai,..., a^)] ^ ^r.k we consider an irreducible component 
C(a,a) of the (possible reduced) algebraic curve 


and let — JCc^y 
Then 


E(a,a) : ^ P](.r - ajf 

1=1 


jc\Ai,...,A„-2 )=uog. n 


^{a,a)‘ 


aeAr,a£'Ur,k^Eii<r<n+l 


ISOGENOUS DECOMPOSITION OF THE lACOBIAN OE GENERALIZED FERMAT CURVES 
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